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Introduction
In the aftermath of the Global Financial Crisis (GFC) of 2008-2009, mounting evidence supports the hypothesis that advanced capitalist economies display hysteresis or path dependence. Hysteresis complicates the task of central banks charged with stabilizing inflation. In its presence, a strong argument can be made that the monetary policy framework should incorporate the fact that the response to an aggregate demand shock can have permanent effects on output and employment. Indeed, the Full Employment and Balanced Growth Act of 1978 (known informally as the Humphrey-Hawkins Act) legally obligates the U.S. Federal Reserve System to pursue "maximum employment," which is generally understood to mean the highest employment level consistent with stable inflation. Janet Yellen, Chair of the Board of Governors of the Fed, has placed research on the problem of hysteresis high on her wish list of policy-significant research topics, observing that "hysteresis effects-and the possibility they might be reversed-could have important implications for the conduct of monetary and fiscal policy (Yellen, 2016) ." This paper proposes a modification to the conventional textbook threeequation model that guides much of the pedagogy and actual practice of monetary policy. It assumes that the central bank cares about the long-run equilibrium levels of output and employment in formulating an optimal policy by minimizing a standard quadratic loss function. In addition to choosing an inflation target, the central bank chooses an output target (which may be different from the temporary equilibrium level of output) so that after a demand or inflation shock it endeavors to reverse the damage done by hysteresis mechanisms.
Because the conventional approach to monetary policy also leads to some kind of reaction function such as the Taylor Rule that includes an output target, we will adopt the terminology that in the approach explored in this paper the central bank adopts an invariant output target; for economy of language we will usually refer to this simply as the output target. The conventional approach accepts the accelerationist hypothesis that (i) the equilibrium level 1 of output (or employment) is supply-determined, (ii) the central bank has to accept the equilibrium level that prevails, and (iii) trying to achieve a higher level of output will result in inflation rising without limit (misleadingly called accelerating inflation).
We build on Michl (Forthcoming) which shows that in the presence of hysteresis mechanisms the conventional accelerationist policy framework leads without qualification to permanent output losses after pure inflation shocks; it leads to permanent output losses after aggregate demand shocks unless inflation expectations are completely unanchored. In contrast, this paper asks how the central bank can avoid permanent output losses by adopting an output targeting policy framework. As in the previous paper, we seek to introduce a heterodox or unconventional element (hysteresis) into an otherwise conventional three-equation model for the dual purpose of generating a pedagogical resource and contributing to the discussion about the conduct of monetary policy when demand shocks have permanent supply-side effects.
1 One significant finding in this paper is that the central bank will generally need to overshoot its inflation target if it wants to achieve both its inflation and output targets, which seems intuitive and supports a position taken by some economists.
2 Yet unless it places no weight at all on the inflation gap the central bank will need to undershoot its output target for the same reason, which is not so intuitive and may present a communication challenge.
1 While there are many differences among heterodox economists just as there are among conventional macroeconomists, it seems safe to say that they all reject the idea that capitalist economies gravitate toward some unique natural or supply-determined growth path with full employment of capital and labor; see Dutt (2006) . Lavoie (2014) or Taylor (2004) provide good overviews of the heterodox landscape. 2 There are other arguments for overshooting, including the idea that price level targeting is superior to inflation targeting (Hatcher and Minford, 2014) and the optimal control approach to policy which optimizes dynamically (Brayton et al., 2014) over the whole adjustment path rather than statically (as we assume in this paper) on a period-by-period basis. Some (Kiley and Roberts, 2017; Bernanke, 2017) have suggested that overshooting the inflation target helps stabilize output near the zero or effective lower bound on interest rates.
Another finding is that the central bank's ability to achieve both its inflation and output target depends critically on the presence of some degree of anchoring of long-term inflation expectations.
Evidence for hysteresis
The empirical support for hysteresis is compelling. As Lawrence Summers put it in a speech given in 2014 and cited in Ball (2014) , "This financial crisis has confirmed the doctrine of hysteresis more strongly than anyone might have supposed." Some circumstantial evidence for hysteresis after the GFC is provided in Figure 1 . The left panel of Figure 1 shows that the employment-population ratio of working-age adults in the U.S. has yet to recover its previous peak before the crisis by a margin of around 2.0 percentage points. If we date the onset of secular stagnation to 2001, as some have argued, this ratio is around 3.3 percentage points below its previous peak. While some of this behavior probably reflects slow demographic shifts in the population, such as the increased weight of older cohorts who tend toward lower participation, empirical research such as Yagan (2017) or Mason (2017) finds that at least some of the declining employment rate represents the shadow cast by past economic shocks.
Since the model we develop in this paper is static, the employmentpopulation ratio is probably the best real-world referent for the output target, which might be thought of as the level of output associated with a target employment rate. In practice, in other words, it would be more meaningful to speak of employment targeting than of output targeting. In the theoretical model we use in this paper, the two would be equivalent.
The right panel of Figure 1 shows the extent to which official estimates of potential GDP have been revised downward in the aftermath of the GFC. It is evidence like this that forms the basis for Ball's (2014) case for hysteresis. Comparing official estimates of potential GDP from the OECD both before and after the GFC, he estimates the average loss of potential output to be 8.4 % in OECD countries and reaches the astonishing conclusion that due to hysteresis effects the GFC resulted in a global loss of output equivalent to the entire German economy.
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In the rest of this paper, we construct an otherwise conventional threeequation model that includes a hysteresis-generating mechanism and an invariant output target. We use it to explore the implications for monetary policy of an output targeting policy framework. We restrict ourselves to negative aggregate demand shocks and positive inflation shocks which require a disinflationary response from the central bank and hence in most instances imply negative demand shocks.
3 It is worth noting that there is also substantial evidence for hysteresis predating the GFC; see Ball (2009) .
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A three-equation model with output targeting
We will use the notation and terminology from a widely-used macroeconomics textbook (Carlin and Soskice, 2015) in order to keep the exposition accessible. Variables that are dated will carry a time subscript only when needed for disambiguation. We will suppress the t in representing variables (so z t−1 will be written z −1 ). Parameters will have identifying numerical subscripts, and it will generally be clear that these are not time signatures.
The foundation for the three-equation model is an augmented Phillips curve, so-called because it includes two elements that did not appear in William Phillip's original equation linking inflation (wage inflation in his case) to the level of economic activity (unemployment rates in his case). First, we have allowed for the possibility that the inflation process is anchored by long-term expectations that the central bank will hit its inflation target. Second, we have included lagged inflation. The augmented Phillips curve is
The slope of the Phillips curve, α, reflects the sensitivity of wage and price setting to economic slack. Here inflation expectations are anchored by the inflation target, π T , chosen by the central bank, with 0 ≤ χ ≤ 1 measuring the extent of anchoring. There is considerable evidence that over the last two decades, as inflation-targeting has become the prevailing form of monetary policy (and perhaps because of this trend), inflation expectations have become increasingly anchored and less responsive to variation in the actual inflation rate (International Monetary Fund, 2013; Blanchard, 2016) . The equilibrium level of output, y e , represents the current level of activity at which inflation stabilizes. In the presence of hysteresis mechanisms (multiple equilibria), of course, this will be changing over time in response to shocks and policy responses. The presence of lagged inflation in the Phillips curve has traditionally been associated with backward-looking or adaptive expectations, and there is nothing inherently wrong with that interpretation. However, it can also be seen as a reflection of the inertial character of the inflation process. For example, Carlin and Soskice (2015) propose that the last realization of the inflation rate is a natural focal point for bargaining between workers and firms over current pay raises. This does not mean that either party expects that inflation rate to continue, or even that both parties share the same expectation about inflation. The role of the inflation target can also be interpreted through this lens but we will refer to it as a reflection of long-run expectations anchoring as is traditional. We think this broader interpretation of the augmented Phillips curve makes a certain amount of sense for a workhorse model like the three-equation model but we will use language consistent with the expectations interpretation that is relatively more familiar.
Monetary policy operates through a simple linearized IS equation with a one-period lag between the real interest set by policy, r, and the level of aggregate demand. This IS equation is
where the parameter a represents the interest sensitivity of demand and the parameter A represents autonomous spending.
The central bank is assumed to minimize a quadratic loss function periodby-period. If the central bank followed an accelerationist policy framework, it would accept whatever equilibrium level of output it observed in measuring the loss from any output gap. But with invariant output targeting, the central bank measures the output gap against its output target, which is generally going to be larger than the equilibrium level of output since we are restricting ourselves to negative demand and positive inflation shocks. The loss function is
where y T represents the output target and β represents the relative weight 4 placed on missing the inflation target, π T .
Choosing an output target is as much an art as it is a science but so too is choosing an inflation target. As in the medical arts, central banking practices are informed by evidence but ultimately rest on professional judgments.
5 In this paper, we will simply assume that the central bank targets the existing equilibrium level of output and employment (i.e., that the economy initially operates at the output target) and tries to repair the damage done by any negative shocks. We leave aside the practical question of choosing an output target, as well as the related question of how to deal with positive demand shocks. (On a separate note, we also stay clear of the problem of the effective lower bound on interest rates.) The central bank solves an optimization problem by minimizing the loss function subject to the constraint offered by the Phillips curve. From the first-order condition for this simple minimization problem, we have the monetary rule schedule showing the central bank's desired outcome in any given period:
In order to model the hysteresis process, we choose to make the current equilibrium level of output a convex combination of past levels of actual and equilibrium output. This adds a fourth equation to the core model (we continue to refer to this expanded model as the "three equation model" for identification purposes):
4 More generally, we could write the loss function as
This formulation leaves open the possibility that the central bank puts no weight on the output loss, which is an extreme case we briefly examine below. 5 As Paul Krugman (2014) observes about the two percent inflation target adopted widely in the 1990s, "Why 2 percent, rather than 1 or 3? The target wasn't arrived at via a particularly scientific process, but for a time 2 percent seemed to make both economic and political sense."
where θ measures the strength of the hysteresis generating mechanism and 0 < θ ≤ 1.
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Michl (Forthcoming) offers a more detailed derivation of this equation of motion based on a particular hysteresis mechanism grounded in postKeynesian theories of wage setting with variable real wage aspirations and price setting with variable mark-up norms (Stockhammer, 2008; Skott, 2005) . But the modelling choice made in Equation (3) seems to be consistent with the full range of hysteresis mechanisms that have been proposed in the literature. These include insider-outsider effects (Lindbeck and Snower, 1986) , increases in unemployment duration resulting in skills obsolescence (Layard and Nickell, 1986) , and losses in capital stock (Soskice and Carlin, 1989; Rowthorn, 1999) . The three-equation model with output targeting in this paper is to that extent catholic in scope.
This formulation treats the hysteresis-generating mechanism as symmetrical or two-sided. In keeping with the uncertainty about the "possibility they [hysteresis effects] might be reversed" expressed in the earlier quote from Janet Yellen, we will also consider the implications if the hysteresis mechanisms are one-sided while the central bank operates on the assumption that they are symmetric.
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In practice the central bank uses the interest rate to achieve its objective of reaching the monetary rule schedule by obeying a reaction function often called the Taylor Rule. With output targeting, demand shocks will create a gap between the equilibrium level of output and the target level of output
6 One possible refinement might treat the hysteresis generating process as nonlinear. For example, small shocks to demand and output may have an attenuated effect on equilibrium while large shocks have an amplified effect. Additionally, it is possible for the severity of the change in equilibrium output to depend on the duration of economic shocks as well as the severity.
7 Lavoie (2016) provides a useful critical discussion of the treatment of two-sided hysteresis by mainstream economists.
through hysteresis effects. We will call the interest rate that stabilizes inflation at the current equilibrium level of output r s and the interest rate that stabilizes output at its target level r T . Explicit expressions for these rates can be easily obtained from the IS curve. By using these definitions, the Phillips curve and the monetary rule schedule we can derive an expression for the Taylor Rule:
where h = αβ(1−χ)/(1+α 2 β). Significantly, this is the same coefficient that
we would obtain for a Taylor Rule associated with an accelerationist policy framework that accepts y e as the implicit output target. In the absence of hysteresis effects (θ = 0), r s = r T and our Taylor Rule would collapse to the standard textbook form for a three-equation model like this.
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The difference between invariant output targeting and an accelerationist policy shows up in the intercept term in the Taylor Rule above. For negative demand shocks we can expect y e < y T which implies that r s > r T . It follows that an output-targeting central bank will choose a lower interest rate compared to an accelerationist central bank (which would effectively assume that r T = r s ) when confronted with the same inflation gap.
This system of dynamical relations, Equations (1)- (3), can be reduced dimensionally and solved for any two of the three main endogenous variables, π, y, and y e . We have chosen to solve for the level of output and the level of equilibrium output since that gives the most transparent mathematical forms. Written in matrix form, we have
where the column vector y= [y e , y] . The matrix A and column vector b are 8 The Taylor Rule most frequently used in the macroeconomics literature includes the output gap (defined using the current equilibrium level of output) as well as the inflation gap. Carlin and Soskice (2006) explain that this form is the result of a more complex lag structure in the Phillips curve than we have adopted here.
This kind of linear system of first-order difference equations presents no special technical difficulties. The dynamics depend on the eigenvalues or characteristic roots of the matrix A that we examine in the next section.
Overshooting with demand shocks
The most significant feature of the dynamics of this system of difference equations is that with some exceptions it involves overshooting the inflation target and undershooting the output target after a demand shock. The mirror symmetry here is no accident since after a shock (demand or inflation) the central bank immediately takes steps to recover their desired or optimal position which will always be some point on the monetary rule schedule, Equation (2). Thus, overshooting the inflation target necessarily implies undershooting the output target.
9 We will first explain the intuition and economic principles at work in generating over/undershooting before turning to a more formal analysis of the dynamics. We can begin by considering a temporary negative aggregate demand shock which takes the system to a point on the prevailing Phillips curve to the southwest of the bliss point, (y T , π T ).
9 One exception that might be of some interest involves placing no weight at all on the inflation gap (i.e., β = 0) so that the monetary rule is a vertical line at y T . By assumption, there will be no output undershooting in this special case which we discuss further below.
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Economics of overshooting
We consider a demand shock represented by point S in Figure 2 . The shock occurs in period t = −1 placing the initial conditions in period t = 0. We will examine three representative initial conditions which correspond to three assumptions about the degree of expectations anchoring. In each case, the central bank will select its optimal response to the Phillips curve trade-off anticipated in the next period. These special cases illustrate how the characteristic dynamic behavior of this model arises from interaction between two distinct stabilizing mechanisms, the first involving managing the inertial inflation process and the second involving the interaction of hysteresis dynamics and the inflation process. Figure 2 shows the Phillips curves projected for period zero under different assumptions about anchoring, together with the monetary rule schedule and the new equilibrium output level created by the negative shock according to Equation (3). The central bank's objective is to manage the inflation and hysteresis processes so that the economy remains on the monetary rule schedule and eventually arrives at the bliss point, (y T , π T ). We are interested in the central bank's policy choice in the period of the shock, which determines the output level and inflation rate in the next period (recall that the policy rate affects output with a one-period lag). The central bank is assumed to know the structure of the economy, including the hysteresis process.
In the special case of zero anchoring (χ=0), the optimal choice is represented by point A. In subsequent periods, the central bank will reflate the economy, bringing inflation back up to its target value. In this case, the central bank's task is effectively to manage the inertial inflation process, or to manage expectations under the adaptive expectations interpretation of the Phillips curve.
This illustrates the first stabilizing mechanism that shapes the behavior of the three equation model with output targeting. By running the economy "hot," above both the equilibrium and the target output levels in order to manage inflation expectations, the central bank is also achieving the objective
A demand shock (point S) in period t = −1 with three representative initial conditions in period t = 0, A, B, and C. These are associated with alternative degrees of inflation expectations anchoring (χ) which identify three alternative Phillips curves (PC). Note that for expository purposes the Phillips curve attached to point B contains point S by construction. In each case, the central bank responds to the shock by choosing its best option (points A, B, and C) on the monetary rule schedule (MR).
of managing the hysteresis process, undoing the damage done by the demand shock. Consequently, in this special case inflation and equilibrium output will converge on their long-run values from below, while output converges on its long-run value from above. There is no overshooting of inflation or undershooting of output.
In this special case, invariant-output targeting is not needed to return the system to its original state; an accelerationist framework would also do the trick. The explanation lies in the mechanics of the augmented Phillips curve which force the central bank to replace the lost output on a cumulative basis in order to return inflation to its target. Even though, as we show in the next subsection, this system has a unit root in this case and therefore has no unique long-run equilibrium solution, a demand shock will create no negative hysteresis effects because the central bank is obliged to replace, on a cumulative point-year basis, any demand that has been lost. With these unique conditions, the model illustrates what Blanchard and Galì (2005, p. 2) have called the "divine coincidence," namely that "stabilizing inflation also stabilizes the output gap." In a sense the divine coincidence represents a kind of conservation principle.
To sum up, in the absence of any expectations anchoring, the central bank is obliged to replace all the demand lost through a pure demand shock. As a result, the system will inevitably converge on its inflation and output targets at precisely the same time. The task of stabilizing inflation alone is enough to guarantee that demand shocks have no permanent hysteresis effects.
On the other hand, any amount of anchoring relieves the central bank of the need to replace the lost demand on a cumulative basis. With shifts in inflation expectations attenuated by anchoring, the central bank needs to introduce less demand stimulus to manage the inertial inflation process and raise inflation to its target. The inflation rate will inevitably arrive at its target level before the equilibrium level of output has had a chance to recover the target level. The fact that y e has not returned to the target level necessitates that the Phillips curve continues shifting upward, driven by the 13 rise in y e caused by positive hysteresis effects. Inflation must overshoot the target, and output must similarly undershoot the output target.
Point B in Figure 2 illustrates the configuration facing the central bank at this point. Point B represents a special case chosen for expository purposes in which the central bank is able to achieve its inflation and output target immediately in response to the demand shock, which occurs when the degree of anchoring (by a fluke) satisfies χ = 1 − θ. In this special case, the Phillips curve does not shift at all in the period after the shock, which explains why point S lies on the same Phillips curve as point B.
10 Its expository value derives from the fact that under any scenario that starts at a point to the southeast of point B (except point A, of course) the central bank will eventually encounter a point like point B, with y e < y T , because of the collapse of the symmetry between the demand shock and the policy response. It will then choose to overshoot its inflation target and correspondingly undershoot its output target.
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We can see from point B that the central bank has no choice but to overshoot its inflation target. In the next period, inflation expectations shift to π T , pushing the Phillips curve leftward. The hysteresis process will increase the equilibrium level of output, attenuating the leftward shift in the Phillips curve. The central bank will then choose a position on its monetary rule schedule that overshoots its inflation target and undershoots its output target. But we know that this pattern can only be temporary because, as we show below, the system lacks a unit root when χ is non-zero and therefore converges on its target long-run equilibrium, (y T , π T ). The movement to the northwest along the monetary rule schedule must eventually reverse itself.
In the special case of full anchoring, χ = 1, this reversal is instantaneous 10 We derived the condition for this outcome (χ = 1 − θ) by using Equations (3) and
(1) to eliminate y e0 and π −1 in the Phillips curve shown at point B in Figure 2 ,
To be more precise but less heuristic, any qualifying scenario that starts to the southeast of point B will eventually enter a neighborhood of point B from which the central bank will choose to jump over the bliss point and overshoot its inflation target. 
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as illustrated by point C in Figure 2 . In this case, the central bank does not have to manage an inertial inflation process. The central bank will respond to the inflation shock by immediately choosing point C, with a dramatic overshooting (undershooting) of its inflation (output) target. Notice that the initial negative hysteresis effect from the demand shock created an inflationary output gap simply by lowering equilibrium output, which explains why inflation initially goes up above the target rate. In subsequent periods the hysteresis mechanism will raise equilibrium output, shifting the Philips curve to the right, relaxing the constraint on the central bank, and permitting it to move inflation and output closer to target. The full time profile for all three scenarios is illustrated in Figure 3 which shows the impulse response functions generated in simulations after a negative demand shock with the three values for the degree of anchoring, χ.
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The special case of full anchoring illustrates the second important mechanism at work in this model. As we have assumed that hysteresis is two-sided, a positive hysteresis mechanism stabilizes inflation by shrinking the output gap. This mechanism explains why any overshooting of inflation eventually reverses itself.
Indeed, the inflation-stabilizing power of a positive hysteresis mechanism opens up the possibility that the central bank can target output and ignore inflation (i.e., set β = 0).
13 In this case, the monetary rule schedule is vertical and the central bank will simply keep output at its target level until equilibrium output has had a chance to recover. If the initial response indicated by the model puts the system below the target inflation rate (which happens when χ < 1 − θ), the inertial process described above will reflate the system, overcoming the deflationary impulses from the hysteresis mechanism. In this case, we can be sure that eventually the system will arrive at a point similar to B in Figure 2 , where the inflation target is achieved before the hysteresis 12 Since the model is set in discrete time, the impulse response functions should technically be regarded as a series of points, not as continuous functions. We have joined them together for visual effect.
13 Note that this is not an option when there is no expectations anchoring.
effects of the negative shock have been reversed (i.e., where y e < y T ). It is easy to see that inflation overshooting occurs once this point is reached. If the initial response puts the system above the target with β = 0, the hysteresis mechanism can be counted on to reduce inflation by closing the output gap over time. In this case, the system starts off by overshooting the inflation target.
How does the central bank manage to hit its inflation target in this extreme case? The answer lies in the presence of expectations anchoring in the inflation process. With some credibility surrounding the central bank's ability to achieve its inflation target, expectations about inflation will slowly drift back to the target.
14 As long as some agents believe the central bank will ultimately defend its inflation target, the central bank does not in fact have to respond to the inflation gap at all. With no anchoring, of course, this option is not available as inflation shocks (but not demand shocks) would never be reversed. On the other hand, a central bank that operated with an unlimited weight (β → ∞) on hitting its inflation target, so that its monetary rule is simply π = π T , would find itself locking in some degree of hysteresis. 15 As we explain below, this is another special case in which a unit root appears. In the extreme case where there is complete anchoring, the entire hysteresis effect of a demand shock would be locked in. At the other extreme, with no anchoring there will be no hysteresis effects owing to the divine coincidence. But any amount of anchoring breaks the symmetry described above and leads to hysteresis effects. These results are illustrated in Figure 4 which shows the impulse response functions for a negative demand shock with different degrees of inflation-gap aversion, β.
14 Formally, with y = y T we can see from the Phillips curve that the first difference of inflation will be negative, indicating declining inflation: π +1 − π = −χ(π − π T ). 15 Recall from footnote 3 that this amounts to setting the absolute weight on the output gap to zero (β y = 0). 
Formal analysis
Some readers may find it useful to see a more formal demonstration of the properties described in the previous section. The characteristic roots or eigenvalues of the matrix A can be expressed compactly as
is easy to show that the discriminant is positive (D > 0) so that the roots are strictly real. 16 This rules out oscillations and keeps the dynamics fairly simple.
The stability of the system depends on the condition that the roots lie within the unit circle. To identify the dominant root we will adopt the convention that λ 1 > λ 2 . For given values of the other parameters, we can express the roots as functions of χ and characterize their behavior as follows:
We see immediately that the roots lie weakly within the unit circle. Only in the cases of χ = 0, no anchoring of inflation expectations, and β → ∞ will the dominant root be equal to one (unity). 17 We can be confident the system will be stable and absent a unit root it will converge on a unique equilibrium at (y T , y T ) in terms of y or the bliss point in terms of output and inflation.
16 Since all the terms are positive except the very last one, the sufficient condition for D > 0 is θ + χ − 2θχ > 0 and this condition is clearly satisfied for permissible parameter values.
17 Note that as β → ∞, f (1) → 1 and g(0) → 0.
We can demonstrate the prevalence of over/undershooting by finding the general solution of the homogeneous system attached to Equation (4). Following Gandolfo (1997) , this can be written as
where A 1 and A 2 are constant terms that depend upon the initial conditions. Defining the first-differences using ∆y = y +1 − y, we have
These equations allow us to identify convergence from below (above) in which case the first difference will be positive (negative). We can characterize the dynamics using these equations by considering a negative unit demand shock, y −1 = y T − 1 chosen to occur in period t = −1 so that we can place the initial condition in period t = 0. Using Equations (1), (2), and (3) the initial conditions can be written
From the general solution 18 specialized to t = 0 we can definitize the constant terms:
18 The general solution is the general solution to the homogenous system plus the particular solution which will be (y T , y T ) aside from the cases with a unit root. The particular solution is derived by solving Equation (4) for the stationary state assuming that λ 1 < 1:
In the presence of a unit root, (I − A) is singular and its inverse is not defined.
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The dynamics of equilibrium output and output depend on the sign configuration of terms on the right hand sides of Equations (5) and (6) which is reported in Table 1 for values of χ corresponding to the three special cases examined in detail in the previous section with labels that correspond to those in Figure 2 . These three special cases exhibit the three qualitative time profiles that the system is capable of generating.
From the fact that A 1 and A 2 are non-positive and from restrictions on λ 1 and λ 2 listed above, we can confirm from Equation (5) that equilibrium output must converge on its long-run value from below in all cases.
The dynamics of output depend on the relative sizes of the two terms on the right-hand side of Equation (6). As long as λ 1 < 1, the first term will always dominate since the second term will reach zero before the first term (recall that λ 1 is the dominant root), again making use of the reported restrictions on λ 1 and λ 2 .
It follows that ∆y will become positive at some point along any trajectory without a unit root, which signifies convergence from below or undershooting. Since the dynamics take place along the monetary rule schedule, Equation (2), it is clear that inflation will mirror output and converge on its long-run equilibrium value from above, or overshooting.
19 This can happen in one of two ways. First, when χ = 1 as in case C, the second term in Equation (6) zeros out and as a result the dynamics are monotonic; ∆y remains positive throughout the adjustment process. (This behavior will also occur for values of χ that Table 1 : Initial conditions after a unit demand shock
are close to unity as well, because the second term is eclipsed by the first term.) Second, for intermediate values of χ such as case B, the second term in Equation (6) will initially dominate so that output will be declining for some interval of time before it reverses course to converge on its long-run equilibrium from below. (In case B, this interval will be quite short but for smaller values of χ it will be longer.) Again, the reversal reflects the fact that the first term is driven by the dominant root.
On the other hand, when χ = 0 we can see that output converges monotonically on its long-run equilibrium from above, since the first term in Equation (6) has vanished in case A and all the action comes through the second term, which is negative so that ∆y < 0.
To sum up as long as λ 1 < 1 (no unit root), the first term in the difference equation for output which is associated with the larger root, will eventually dominate the dynamic path. This means that even if the first difference starts off negative, it will eventually turn positive as the second term shrinks toward zero faster than the first term. In economic terms, this establishes the undershooting of output and (since the dynamics occur along the monetary rule schedule) the overshooting of inflation.
It remains to be shown that the central bank will reverse the damage from hysteresis in the case with no anchoring (χ = 0). This amounts to showing that starting from some time period, t = s, when the shock occurs the differences in equilibrium output will sum to zero over a long time horizon, or ∆y e = 0. From Equation (3) we can see that
From the Phillips curve (with χ = 0) we can derive the well-known sacrifice ratio which shows the cumulative sacrifice of output needed to disinflate when the inflation gap is positive or, in our case, the cumulative output gap needed to reflate the system when the inflation gap is negative:
We can combine these two relationships by expanding the summation of output gaps and substituting from the sacrifice ratio to obtain
where y s − y T represents the demand shock. Using the Phillips curve, we find that the inflation gap (π s − π T ) created by the demand shock will be α(y s − y T ) which completes the proof since upon substitution it is clear that ∆y e = 0. The cumulative (positive) output gap needed to reflate the system turns out to be exactly the amount needed to reverse the hysteresis effect of the original demand shock.
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Remarkably, the foregoing proof does not depend on the particularities of this paper's model and would apply to any monetary policy that stabilizes the inflation rate (this being the essence of the divine coincidence). To arrive at the same conclusion in the present model, begin with Equation (5) and substitute the values of λ i and A i specialized for χ = 0. Recalling that ∞ t=0 λ t 2 = 1/(1 − λ 2 ), we find that ∞ t=0 ∆y e = θ which is exactly what it takes to offset the initial unit shock that reduced y e by θ.
20 An instructive special case is when θ = 1. Because χ = 0, the central bank will be able to return to the bliss point immediately in period s + 1. The shock will lower equilibrium output to y s but the reflation in period s + 1 will restore it to y T .
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Inflation shocks
A pure inflation shock can be modeled as an increase in inflation that does not affect output. The initial condition for the system would then depend on what point on the monetary rule schedule the system achieves in period t = 0, which as before varies with the degree of expectations anchoring. In any case except χ = 1, this point will lie to the northwest of the bliss point because the central bank will engineer an artificial recession to disinflate the system. 21 This need to use economic slack to manage the inflation process accounts for the generation of hysteresis effects after an inflation shock. The central bank subsequently allows output to increase until the system returns to the bliss point. Formally, we can use the results from the previous section to determine that both equilibrium output and output will converge on their long-run equilibria from below. With a unit inflation shock in period t = −1, π −1 = π T + 1, we can determine that the initial conditions are
where Ω = αβ(1 − χ)/(1 + α 2 β). From these conditions we can determine the signs of the arbitrary constants:
Consulting Equation (6) and the restrictions on λ 1 and λ 2 , we can see that output will converge on its long-run equilibrium from below, ∆y > 0. Consulting Equation (5) we can see that in period t = 0 equilibrium output will decline (owing to the economic slack created by the central bank) but will converge on its long-run equilibrium from below in all subsequent periods, or ∆y e > 0 for t > 0. With a positive inflation shock we can also see more clearly the economic principles underlying the two cases of unit roots in this model. First, when there is no anchoring, any pure positive inflation shock will necessarily create permanent negative hysteresis effects on output because it requires the central bank to create a cumulative negative output gap that disinflates away the shock ("squeezing inflation out of the system"). Without expectations anchoring there is absolutely no room to run the system hot. The actual level of output can never exceed the equilibrium level of output, and as a result the system will always settle down below the target level of output, with a corresponding permanent inflation gap. With a unit root the equilibrium will lie somewhere on the monetary rule schedule, depending on initial conditions.
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Inflation expectations anchoring reduces the cumulative negative output gap that will be required and permits the central bank to harness the hysteresis mechanism by running a "high pressure labor market" with output above its equilibrium level during the transitional dynamics in order to reverse the damage done by hysteresis. The impulse response functions shown in Figure  5 illustrate these points.
For a more formal demonstration of these claims, we can use Equation (5). Substituting the λ i and A i values specialized to χ = 0 we find that with the dominant unit root the first term on the right-hand side zeros out. It follows that ∞ t=0 ∆y e = −A 2 , illustrating the presence of hysteresis in the absence of expectations anchoring. But without a unit root, the first term on the RHS does not zero out and we can see that ∞ t=0 ∆y e = −A 1 − A 2 = 0 indicating that any hysteresis effects are reversed.
An interesting corollary of this result is that with output targeting, as
23 This means that with no anchoring the Phillips curve in place when a shock occurs forms the boundary between negative hysteresis effects and positive hysteresis effects (which we have excluded from discussion) just as it does in an accelerationist policy framework (Michl, Forthcoming) . A pure demand shock pushes the system along this boundary, resulting in no long-term hysteresis effect, as we saw above.
long as it enjoys some credibility (anchoring) a central bank that wants to reduce the long-run inflation rate-as many central banks did in the 1980's-can achieve this objective without inflicting any permanent damage. (A reduction in inflation target is isomorphic to a temporary inflation shock.) Under an accelerationist operating framework, however, a disinflationary policy will leave behind permanent scars through hysteresis effects.
The other route to a unit root runs through the central bank assigning zero weight to the output gap. In this case, the model collapses to an accelerationist regime in which the central bank simply accepts whatever equilibrium output level it confronts. Again, the central bank locks in any negative inflation shock because it forgoes the opportunity to run the system hot. The transitional dynamics are trivially simple in this case. After a demand or inflation shock, the new long-run position will be achieved in just two periods when χ < 1 and one period when χ = 1.
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6 One-sided hysteresis Perhaps the leading reason central bankers like Janet Yellen are reluctant to incorporate hysteresis into their routine operating procedures is the lack of evidence that hysteresis is trully two-sided. The weight of evidence supporting negative hysteresis effects does not necessarily imply the converse (Ball, 2014) , namely that positive effects are equally strong or even that they exist at all. In this light it makes good sense to consider the outcome of an invariant output target in the event that the policymakers were wrong and tried to reverse the negative hysteresis effects of a demand shock in the presence of one-way (negative only) hysteresis. In particular, would this lead to the nightmare of endlessly increasing inflation from which the soubriquet "accelerationist" first arose?
It turns out the answer in this model is no, and the reason is close at hand. By adopting an inflation-targeting policy and implementing it through a Taylor Rule, the central bank is committing itself to the more general Taylor Principle which states that the policy response to any increase in inflation should be to raise nominal rates by more than the increase in inflation. In other words, monetary policy following any increase in inflation should raise the real interest rate. Under this operating procedure, the central bank will stabilize inflation, even if it fails to achieve its inflation target or its output target.
A simple modification of Equation (3) allows for one-sided hysteresis through the incorporation of a min function:
From the monetary rule schedule and Phillips curve, it is easy to show that the system will stabilize around a point on its monetary rule schedule to the northwest after a demand shock that lowers equilibrium output to y e < y T . Using asterisks to indicate the steady state values, this point has the coordinates:
Only if the central bank gives the inflation target zero weight will it be able to hit the output target, but the price paid will be a gap between the inflation rate and its target inflation rate that depends on the degree of anchoring. In the case of low levels of anchoring, this would not be practical as it would result in an accelerationist dystopia of very high inflation, and zero anchoring would make it completely infeasible. This is clearly not a sustainable state of affairs since both the central bank and those private agents whose expectations are anchored would find that inflation realizations conflict with their expectations on a persistent basis. The central bank would have to reconsider its operating framework in light of this information. If it didn't, private agents would certainly abandon expectations anchoring and the central bank would lose credibility.
Pursuing output targeting in a world with one-sided hysteresis would at worst involve a learning process. The central bank would observe inflation running persistently above target and would need to change its policy framework. Something similar is also true in the standard three-equation model, without hysteresis, when the central bank chooses the wrong value for the inflation-neutral rate of interest and misses its inflation target. Given the magnitude of the social cost of hysteresis, output targeting seems like a worthwhile policy to try despite uncertainty about two-sided hysteresis.
Conclusion
Central banks in a world characterized by symmetric (two-sided) hysteresis effects can stabilize output by choosing an invariant output target in addition to the traditional inflation target. This paper shows how invariant-output targeting might work in a standard three-equation model. The main lesson is that as long as the inflation process is anchored to the central bank's inflation target to some extent, there should be no inherent problem in undoing the damage caused by a major demand or inflation shock.
The complete absence of anchoring does present a problem because inflation shocks require a disinflationary stance that will inflict permanent damage to output and employment. With no anchoring demand shocks do not have permanent effects because of the "divine coincidence" created in this special case: the cumulative reflation will always be just sufficient to repair any damage inflicted by hysteresis effects. This symmetry breaks down when there is any expectations anchoring, and this is the key reason why invariant-output targeting is needed in the general three-equation model. It is also the key to understanding why inflation overshooting and output undershooting are necessary as long as there is some degree of anchoring.
This finding presents inflation expectations anchoring in an ironic light.
When in the presence of two-sided hysteresis the central bank pursues inflationtargeting under the accelerationist hypothesis (the conventional operating procedure), negative demand shocks will generally create negative effects on long-term output and employment as long as there is any anchoring at all. The reason, again, is the breakdown of the symmetry noted above because anchoring absolves the central bank of the need to reflate aggressively. Only in the absence of anchoring do the central bankers benefit from the divine coincidence with respect to demand shocks. Anchoring, often considered a virtue, emerges as a vice under an accelerationist policy framework. But when the central bank drops the accelerationist dogma and adopts an invariant output target, anchoring re-emerges as a virtue because it creates the space to run a high-pressure labor market and repair the damage from large demand shocks as well as inflation shocks. Economists (in particular heterodox economists) who have traditionally treated central bank credibility with some skepticism might be advised to embrace the goal of credibility since it provides central banks with the power to combat hysteresis. Fear of one-way hysteresis effects has been expressed by economists and central bankers but the problems raised by this possibility appear manageable. A central bank operating on the premise of two-sided hysteresis effects that do not exist would find itself permanently overshooting its inflation target. It would have to reconsider its policy framework ex post, or else it might experience a loss of confidence and deterioration in expectations anchoring. But it would not lose control of the inflation process because it would be observing the Taylor Principle in setting policy rates. Experimentation with output targeting in an uncertain world appears unobjectionable.
We have set several important questions aside, including the obvious practical and theoretical issue of how to establish an output target. Even if that obstacle is cleared, there remains the challenge of communicating the need to undershoot the output target and overshoot the inflation target during the adjustment process after a demand shock. In addition, complications might arise from the constraint offered by the effective lower bound on interest rates.
An important lesson for central bankers, professional economists, and indeed for the informed citizenry is that an optimal response to a demand shock in the presence of two-sided hysteresis effects and expectations anchoring requires at least some overshooting of the inflation target in order to repair the damage caused by the hysteresis mechanism. Policy normalizations after the Global Financial Crisis could represent premature tightening from this perspective. We hope the model presented here will help disseminate this message before the next major economic crisis rocks the world, if not sooner.
